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3 1. INTRODUCTION
2

In an inner product space (X, (-, -)), the angle A(x,y) between two nonzero vectors  and y
in X is usually given by

(z,y)
A(z,y) = arccos ————
(N
where [|z]| := (x,4)"/? denotes the induced norm in X. One may observe that the angle A(-, -)

in X satisfies the following basic properties (see [7]):

(1) Parallelism: A(z,y) = 0 if and only if  and y are of the same direction; A(x,y) = 7 if

and only if = and y are of opposite direction.

(2) Symmetry: A(z,y) = A(y.x) for every z, y in X.

(3) Homogeneity: A(az, by) = A(z,y) if ab > 0; A(az,by) = 7 — A(z,y) if ab < 0.
(4) Continuity: If z,, — z dan y,, — y, then A(z,,y,) — A(z,y).
Let (X, (-,-)) be an inner product space of dimension 2 or higher (may be infinite), and U =
span{u;,us} and V' = span{v,,vs} be 2-dimensional subspaces of X, where {u;, 5} and
{vy,v2} are orthonormal. Then, is suggested by Gunawan, Neswan and Setya-Budhi in [8],
one can define the angle #(U, V') be the angle between U and V, given by

cos>B(U, V) = det 6(M™M)

where M = [(u;,v;)]" being a 2 x 2 matrix. It is can be seen that (U, V) satisfies the basic

properties ofﬁgle, ie.
(1) 9(U, V') = 0if and only if U = V (parallelism property)
(2) O(U, V) = 6(V,U) for every U,V C X (symmetry property)
(3) (U, V) choice of basis independent (homogeneity property).

The focus in this article is what is the continuity property of (-,-). In the other words, if
U, — Uand V,, — V will it be valid for #(U,,, V,,) — @(U, V). This problem can be solved
if we have a convergence definition for sequences of 2-dimensional subspaces. Therefore, we
will first construct the convergence concept.

As foundation in constructing convergence concept of 2-dimensional subspaces, in 2018,

uharawati et al. [11], have introduced a more geometrical definition of the convergence of
a one-dimensional sequence of a one-dfggensional subspace of a normed space and explained
its connection with angle between two 1-dimensional subspace of a innerproduct space. Their
definition of the convergence of a sequence of 1-dimensional subspace, however, is based on
a definition convergence of a sequence on vector which we found a gap which we have gen-
eralized it to 2-dimensional subspace. The purpose of this note is to fix their definition and
at the same time to explain the relationship between convergence of sequence with the angle
between two 2-dimensional subspaces of real inner product space. In this paper, we construct
the concept of convergence for sequence of two dimensional vector subspaces of a vector space,
discuss the basic properties, and use the concept to prove the continuity of angle between two
vector subspaces. In order to achieve that, we need a metric in Grasmanian.

2. RESULT

Let (X, | - ||) be a real normed space with dim(X) > 2. Given a sequence of 2-dimensional
subspaces (U,,) and a subspaces U of X. We wish to have a definition of the convergence of a
sequence of (U,) to U as n — oo. To define the limit of a sequence of 2-dimensional subspaces,
we have to revisit the grassmannian space ([9]). The Grassmannian is a fundamental object of
study across various subdisciplines of modern geometry. The reason why we are interested in
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THE CONCEPT OF CONVERGENCE FOR 2-DIMENSIONAL SUBSPACES SEQUENCE IN NORMED SPACES 3

the Grassmannian is because we eventually wish to define a metric, on the Grassmannian, so
that we can define convergence of sequence and many other notions on this space.

Definition 2.1. Let (X, || - ||) be a real normed space with dim(X) > k. The Grassmannian
Gr(k, X)) is a set of all k-dimensional linear subspaces of X.

Gr(k,X)={U C X : Uisak — dimensional subspace of X}
25

For example, the Grassmannian Gr(1, X') is the space of lines through the origin in X, so
it is the same as the projective space of one dimension lower than X ([1]). The Grassmannian
Gr(2, X) is the space of planes through the origin in X.

Theorem 2.1. If d. be a real valued function on Gr(2, X) x Gr(2, X ) with

d. (U, V) = max( sup nlf lu — v, sup inf |jv— uII)
ucl VE ey uwel
luf=1 lvll= l ||y|| 1 llull=1

, Sl H |D u, v # 0
S S PR ’

= ma.x(sup inf ”
uel VEV "u" |U||

then (Gr(2.X),d.) is a metric space.

Proof. Lel?and V' are two 2-dimensional subspaces of a normed space X.

(i) We have known that ‘ — ol ” > 0forallu,v e X — {0}.
7

Tull

Thus, infuey [ = & || = 0 andinfueir||i; — ]| = 0
Consequeghy, sup,, . inf,cy ‘ m - H:'_H > 0 and sup,cy inf,cp ”:’—” - ﬁ ‘ > 0.
So, d.(U,V) = 0.
If U = V, then Gr(2, X) x Gr(2, X) with
d. (U, V) = max( sup n£ [l — ]|, sup 1161{f [lv — u||)
=1 Iol=1 o= =1
v u
= max(sup inf H— — —||,sup inf ”— = —H) = 0.
wet vev I Tl = Tl S w1 Tol] ~ Tl

If d.(U,V) = 0, then

sup inf {1 = ol = supint g = | =0
uetoev [Tall ~ Toll Il = Sebuce ol = Jrull
Consequently, For every u € U, we have
L L” —0
v€V| llull
and for every v € V, we also have
uEU ||1)|| ||uH H

Because U and V' are closed (see Theorem 2.4-3 in [10], every finite dimensional subspace of
normed spaces is closed), then there are v, € V' and u,, € U such that

Tl - I il -
fall = Tool |~ 1ol ol =

Therefore there are «, 5 € R such that u = awvg and v = [ug. That means, for every u € U and
veEVthenue Vandve U. SolU =V,

AJMAA, Vol. 16, No. 2, Art. 13, pp. 1-11,2019 AJMAA




4 M. MANUHARAWATI, D. N. YUNIANTI, M. JAKFAR

(i) From definition of d., we have d. (91/) = d.(V,U) for every U and V in Gr(2, X).
(iii) We can observe llﬂt

sup inf ||— — —H = sup inf inf H— H
et v M TR ™ S vl vl |v||
= sup inf inf H =l —”
uell WEW veV ||U|| |w" ||w|| 2l
S ey
= sup Inf inf ||u|| Tl 1 52p ok, tnf ||w|| [l
w
= sup inf | || inf inf| ||
oD wew ||u|| |zu|| wew vev | o] |?'|
< o o - el s -
< sup 11 .....
b o Il ~ T+ 528 328 Il ~ T
and
sup inf'”— = —” = ap inf inf H——— —H
rebudo Tl = |~ e oo Tl
= sup inf inf H H
veV weW ueU IIUH IIwII IIwII [Jull
= ¢ H w ‘+ ¢ w u
= 22?1.1gw uigU ||es|\ Tl :"E‘}f u];]élﬂ 1];EU Neell ~ Tl
= sup i inf
vl wew |||1*|| ||'u'|| | uen u€l | [[w]] ||u||||
< sup inf || ||+ | i .....
vey wew Iiol = Tl ™ aely wev Wl = lu]

11
From (1) and (2),9& get
d (U, V) <d (U W) +d. (W, V).

3. MAIN RESULT

By referring the metric spaces constructed in section 2, we therefore construct 2-dimensional
vector subspace sequence convergence and its properties. Let (X, || - ||) be a real normed
space with dim(X) > 2, (U,) be a sequence of 2-dimensional subspaces in X, and U be a
2-dimensional subspace of X. A sequence (U,,) is said to be converge to U if and only if

dy(Un,U) =0
as n — o0.
Definition 3.1, Let (U},) be a sequence of 2-dimensional subspaces in X and U be a 2-dimensional

subspace in X. A sequence (U,,) is said to be converge to U if

Uy,

.
.51
Tl ~ Tl 158

Up
max( sup inf
Un€Un uel

inf |[-= — [y 0
wup ot |~ et

as n — o0,

We shall use the following phrase and notation interchangeably: (U,) converges to U or
U,, — U as n — oo or the limit of (U},) exists and equals U.
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THE CONCEPT OF CONVERGENCE FOR 2-DIMENSIONAL SUBSPACES SEQUENCE IN NORMED SPACES 5

Given U, = spanf{uy,, uz, } and U = spanf{u;,us}, then we get

u u
d,(U,,U) = ».up 111fH = sup inf | = H
(U U) = max( b 0b | T ™ Tl 1 o o ol ™ Tl
auy, + bug, cuy + dus
= max(sup inf H - H
aper ede® |l lauy, +bug, || [leus + dus||
cuy + dus auy, + bus,
sup inf = H
cderaber |l |leuy + dug|  |lauy, + bug,

So, we have the following reformulation of Definition 3.1.

Definition 3.2. Let (U,,) be a sequence of 2-dimensional subspaces in X with U,, = span{u,,, ua, }
and U = span{u;,us} be a 2-dimensional subspace in X. A sequence (U,) is said to be con-
verge to U if

max “Jll]] inf
a,beR CAER

as n — o0,

, sup inf

H auy, + bug, cuy + dus H
[ caer wbek |l |lcuy + dug|  [lawy, + bug,

auy, +bug, || [leuy + dugl| I

cuy + dugy auy, + bug, H

a sequence has a limit, vgg say that the sequence is convergent; if it has no limit, we say
that the sequence is divergent.We will sometimes use the symbolism U,, — U, which indicates
the intuitive idea that the lines U,, "approach" the line U as n — oo. The following theorem
convinces us that our definition make sense.

Theorem 3.1. The Definition 3.2 satisfy homogeneity property. It means, the definition is inde-
pendent on the choice of bases for U and U, for every n € N.

Proof. First note that the value of
H auy, + bus, cuy + dug
lau, + bug, || |lcus + dus||II
is independent on the choice of basis for U,, and U for every n € N. Further, since the value is
also invariant under any change of basis for U,, and U. Indeed, the ratio is unchanged if we (a)
swap u,;, and uy, , (b) swap u; and u,, (c) replace u,, by u,, +ou,,, (d) replace u; by u; + s,
(e) replace u,,, by au,,, (f) replace us,, by aus, ., (g) replace u, by auy, or (h) replace us by aug
with a # 0. 1

Theorem 3.2. If U, = span{u,,us} = U then U,, — U as n — oc.

cuy + dus auy, + bus, H)

max( sup inf H -
: ( ! tnde[mabe[l% |euy + duz||  ||aus, + bus,

a,beR c,deR

Proof.
( auy, + buo, cty + dus H cuy + dus auy, + bus, )
max up -
abemr‘dek ||fu1 + dug| I’ (.de[muhe[ll leuy + dus|
aty + bus ciy + dus ciy + dug aty + bus
= max(sup in = ” sup inf H - H
aber oder | |lawy + bus|| |y + dus||11 deuauJJER ey + dus||  ||au, + bus|
( H auy + buy auy + buy H cuy + duy cuy + duy H)
= max/( sup — —
g beR llaw, + bus||  [law, + bus|| I’ f‘dE[R?. lleuy + dus||  ||euy + dus||
—0—-0

asn — oo. 1

Theorem 3.3. (Uniqueness of Limit) Let U, = span{u,,,us,}, U = span{u;,us}, and
V = span{v,, v }. IfU, = Uand U, — V asn — oo, thenU = V.
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6 M. MANUHARAWATI, D. N. YUNIANTI, M. JAKFAR

Proof. Let U,, — U as n — oco. By Definition 3.2, we have

au bu cuy + du
d(Un,U) = max(qup inf ” L+ 0, _cth + dup ”
a,bek C.dER "aul.. + bu?,, ” ||cu1 + dL‘,g"
cuq + dus auy, + buo, ||
sup inf
e (EEI;E abeR "mil -+ di..'.g" ||(;I,'.‘_,‘_lrl + b'u_gnll

as n — oo. Since U,, — V as n — oo then we also have

de(Un, V) = max(qnp inf

|| auy, + bug, cvy + dug H
abERdeR H

auy, +bu, | lcvy + duy]

H m + dvg auy, + bug, ||
| |

sup inf —
N cvp +dvy  lau,, + bug, |

e, deR wbER
as 1. — 00.
By using Triangle Inequality of d,, we get

(U V)=d.(U,.U,) +d.(U.,¥) — 0
as n — o0. So, d.(U, V') = 0. Consequently, we have U = V. 11
Theorem 3.4. Let U, = span{u,,, us, } and U = span{uy,us}. If U, — U then

( w;, cuy + dus ” cuy + dus u;, |D
max | max inf — , max in —
ic(12yeder I |w; || ||ewy + dus|| 1 ic(1 2} aber |l ||cuy + dus|| ||, ||
asn — oc.
Proof.
auy, cuy + duy auy, + buy, cuy + dusy
sup inf - ‘ < sup inf —
ack odeR |l [lawy, || |lcus + dug|[ Il = gpereaer llauy, + bug, || [lcuy + dus|
and
) bus, cuy + dusy . auy, + bus, cuy + dus
sup inf — H < sup inf —
ver cdeR [[bug, || [leus + dus| aber cder |l [auy, +bus, || |lcus + dus|
Thus,
wi, cuy + dus awy, + bug, cuy + dus
sup inf — | < sup inf — ‘
ieq12yodeR® l|w, || [lews + dus||Il = g per eder |au, +bug, || [leus + dus|
Using the same way, we get
auy, + buy, cuy + dug auy, + bug,
sup inf H H < sup inf ” — H
ieqrey ave® HJull — Jlau, +bus, [l = cacraser Ve, + dusl| — [lauy, + bus, ||
Since U,, — U then
. U, cuy + dus . ctty + dug u;,
ma.x( max inf - , max inf ||
ief12y eder IH|u;, || ||cwy + dugl| 11 iefr.2} aper Il ||cuy + duQH [, ||
( H auy, + bug, cuy + dug H cuy + dus auy, + bua, ”
< max/( sup inf -
@, beerdeR ||auln + buzu " IlCT“I’1 + l“"”’u!'zll (‘(.EER“’ !’ER ||l:‘u'l + du"_)” ||auln + buzn "

asn — o0. I
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4. RELATIONSHIP TO ANGLE IN AN INNER PRODUCT SPACE

The notion of angles between two subspaces of a Euclidean space R" has attracted many
researchers since the 1950’s (see, for instance, [2], [4], [5]). These angles are known to
statisggians and numerical analysts as canonical or principal angles. Throughout this sec-
tion, let (X, (-,-)) be an inner product space of dimension 2 or higher (may be infinite), and
U = span{u,uz} and V' = span{vi, v} be 2-dimensional subspaces of X, where {u;,us}
and {vy, v} are orthonormal. Then, g is suggested by Gunawan, Neswan and Setya-Budhi in
[8], one can define the angle 6(U, V') be the angle between U and V, given by

cos’ 0(U, V) = det O(MTM)
where M = [(u;, vx)]” being a 2x 2 matrix. In [7], Gunawan and Neswan have got the following
formula.
Theorem 4.1. (Fact2in |7
cos 9(#?‘/’) = max max (u,v) - rm(n max (u,v).
llel|=1 [[w]|=1 [lull=1 [ju||=1
In inner product spaces, the Definition 3.1 can be reformulated in the following theorem.

Theorem d.2. Let (U,) is a sequence of 2-dimensional subspaces in X and U be a 2-dimensional
subspace in X . A sequence (U,) (‘onverges to U if and only if
) -

|y~ gl me

llall |l uel’ uNCLN

Proof. Ininner product spaces X, let U = span{u,, us} and m: span{vy, v2} be 2-dimensional
subspaces of X'. Applying Theorem 6.4.1 in [3], for every u € U, |[u — v|| is minimized on
{velU:|v|| =1} atw = 22 € U. Thus, we have

&)mw ol
> (/)

Un
IIMII Nl

max ( max min
un €U, uel

asmn — oQ.

v ) U v
W= il - wo =l
veV ilflufl ol vev iHlull (vl
Consequently,
U v |2 u vooou v v
@ el == i) -2 ()
veV lHlull v eV Nl Rl flull (el vev \ [l o]
u rOjy U
= 2-— 2max< &>=2—2||projvu||.
veV \|lull” [[projyull

We know that proj,u = Zi=1 (u, u; )3 (orthogonal projection u to V).
Consider the function f(u) = ||projyull, v € U, |Ju| = 1.
To find extreme values, we examine the function g := f? with

2 1
g(w) = [lprojyull* = > (u,w)?, u € U [Jul = 1.
k=1
If u = (cost)uy + (sint)us then we can view g as a function of ¢ on [0, 7], with

2

g(t) = Z[(cost)(ul, ug) + (sint)(ug, ug)]?
k=1
gxpanding the series and using trigonometric identities, we can rewrite g as

) = %[C + VA? + B2 cos(2t — o)

AJMAA, Vol. 16, No. 2, Art. 13, pp. 1-11,2019 AJMAA




8 M. MANUHARAWATI, D. N. YUNIANTI, M. JAKFAR

where s s
A= Z[ Uy, U;‘ UQ U;\) ] B = QZ[ MUy, Up, (UQ UL)]
k=1 k=1
C = Z[(ul, uk)® + (g, ug)’)
= _—
and tan o = B/A. From this expression, we see that g has the minimum value n = $=2=5E2
Thus we get
inf loroiull — mi .
inf ||projyul| = min [[projy ul|
Consequently,
maxmin ||— — — || = 2 — 2min ||proj,u
Wel vev H Tl ~ Tl H mis |[projy u
So, we have
sup inf H —H :maxmin”———”
wev veV Il [ull  Jloll T wet™oev [Hjull o]
By using the equation from Definition 2. l we have
Uy i U
sup lllf H = Illax Imnin = ‘—H
un€UR uel ||uﬂ|| "u ‘ un€Un ue€l "u”

Theorem 4.3. Let U,, and U be 2-dimensional subspaces of a normed space X and 8(U,,, U) be
an angle between U, and U . If O(U,,, U) — (0 then 6(U,,U) — 0 as n — co.

Proof. We know that

mip ot - St g Bt B g 0 a0, u
i IIUII W0 \ T~ Tl Tl Tl e
= 2 — 2 max {t,, u)
ue
lull=1
Thus, "
maye (om0 = 5 (2= mip | oty = |
[lull=1
So, we have
1 . Uy, u |2
Inax max (Uy,, u) = max —(2 — mmH— - — )
€U, uel un €U, 2 wel |l |uy,] ||l
IIH.:II 1 |lull=1 [ =1
1 . . TLVl
=1— - min 111111| —_— —H :
2 un€lUn wel I jup|  ||ul|

According to Theorem 4.1, we get

cos (U, U) = max max(un,- )+ min max (u,, u).
Un up €l uel
”Ur:” 1||ﬂ|| 1 IIH.:II 1[jul|=1

Then we have

2
cos (U, U) = nax nax(uﬂ )+ min max (u,, u) < (max max(u,,,u))
un€ly, uel unelly, uel
IIHnH 1||“|| l len ||=1 Jlul|=1 [l I=1 llull=1
|| U )
= [1 — 2 min min ||-—— — —H }
un€Un ueU | |ug| |||

AJMAA, Vol. 16, No. 2, Art. 13, pp. 1-11,2019 AJMAA




THE CONCEPT OF CONVERGENCE FOR 2-DIMENSIONAL SUBSPACES SEQUENCE IN NORMED SPACES 92

Since U,, — U as n — oo, then max,, ¢y, Min,e(y |||ﬁ-‘ﬂ — m ‘ — 0asn — oo,
T

We also have max, ¢y, ming,ey || Tl ~ ‘ — (. Thus,

u”

2
min min H < max min H— -
un €U, uel |uu|| |u|| HNEUN well |1 ||, || [l
Consequently,
2 ; . Up 2
(U, U) < ( max max(uM u)) = [1 — 2 min min H— — —” }
n€Un e un€lhn wel ||un|| ||’U,||

lunll=1 [ul=1

So, (U, U) = 0asn — oco. 8

Theorem 4.4. Let U, and U be 2-dimensional subspaces of a normed space X and 8(U,,, U) be
an angle between U,, and U . If O(U,,, U) — 0 then 6(U,,U) — 0 as n — oo.

roof. For each u,, € U, (u,,.u)is maximizedon {u € U : ||u| = 1} atu = e an,
Proof. F h uy, € Uy, (un, u) i imized on {u € U : [lul| = 1} Tty and

”prOJUu” [
Projy iy, :
max (U, u) = < ny T ) = |[Projyu || < 1.
ucl [l projy |
[Jesl|=1
max min H = max 111111 |, — t.-:i|L
upn€lUn uel "U” Hu Tn f
”N”_ ” ”
= max min (2 — 2{u
EUn EU( ( i ))
||"'-¢n||_1 [lull=1
=2 —2 ggin max (Uy, u
&P, )
l|tn =1 [lull=1
<(2—2 mingnax u)(maxmaxu u)
- un €UPSREU (‘U.n, ) un €U, uEU( " >
[lezn || =1 [luf|=1 [leen|I=1 [ll[=1

= 2 max ﬂmx(u,, u) —2 min max(up,u) - max max(up,,u)

1y €Ly un €l uel wup €Uy uelU
lun||=1 ||u||—1 |lun||=1 ||u”=l |latn||=1 ||| =1
< 2 — 2 mingnax (u,, u) - max max Uy, U
—_ H'HGL" EU ( mn ) ;E . b’ ( e )
[l |=1 [Juel[=1 [ | =1 Hull—

=2—2cos0(U,,U) — 0 (Since @(U,,,U) — Dasn — o)

AJMAA, Vol. 16, No. 2, Art. 13, pp. 1-11,2019 AJMAA




10 M. MANUHARAWATIL, D. N. YUNIANTI, M. JAKFAR

and a

Uy H ||2

max min
uall

= max min |u— u,
well uncly

u., €Un

[ln [=1

= max min (2 — 2(u, u,))
uell  un€ln
[l =ggigena || =1

=2 —2 min max (u,u,)
ely .:CLn

=1 jun =

< (2 — 2 min max (u,u,) (max max (u, un))
uwell u,ely ucell upelly
1 [Jun|=1 el =1 [feen ||=1
= 2 max maxgu,u,) —2 min max (u,u,) - max max (u,u,)
uel un €U well unelly well upn€lln
”u||=m: =1 [el|=1 |jun|l=1 llzell=1 [Jun ||=1
<2 —2 min max (w,u,) - max max (u,u,)
well unp€ ucell upely
[|ull= l||un|| 1 [lll=1 [Jun||=1

=2—2cos0(U,,U) — 0 (Since §(U,U,,) — 0asn — o).

Remark 4.1. Theorem 4.3 and 4.4 show that, in any inner product spaces, U/,, — U if and only
if 9(U,,U) — 0asn — oo.

Thus, we have
Up u

lanll el

asn — o0. So, U, — Uasn — oo. 11

Un

‘ lull Tl

max( max min
un €Uy ucl’

,max min
well unclly

5. CONCLUDING REMARKS

Remark 4.1 can be utilised to prove the continuity of angle between two 2-dimensional sub-

spaces, thatisif U, — U anﬁ/ﬂ — V then
[0(U,, Vi) — (U, V)| 10U, Vi) — (U, V)| + |0(U,, V) = 8(U, V)|

™ i
§€(Un, U) + §B(Un. U) - 0.

In other words, the continuity satisfies.
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